Numerical simulations are made for forced turbulence at a sequence of increasing values of Reynolds number Re keeping fixed a strongly stable, volume-mean density stratification. At smaller values of Re, the turbulent velocity is mainly horizontal, and the momentum balance is approximately cyclostrophic and hydrostatic. This is a regime dominated by so-called pancake vortices, with only a weak excitation of internal gravity waves and large values of the local Richardson number Ri everywhere. At higher values of Re there are successive transitions to ͑a͒ overturning motions with local reversals in the density stratification and small or negative values of Ri; ͑b͒ growth of a horizontally uniform vertical shear flow component; and ͑c͒ growth of a large-scale vertical flow component. Throughout these transitions, pancake vortices continue to dominate the large-scale part of the turbulence, and the gravity wave component remains weak except at small scales.
I. INTRODUCTION

Most atmospheric and oceanic flows on intermediate scales of ϳ1Ϫ10
3 m are strongly influenced by the stable vertical density stratification, d (z)/dzϽ0 ͑with ẑϭe 3 antiparallel to gravity͒, but are less influenced by earth's rotation than flows on larger scales. Consequently, the turbulence in this regime is quite different from unstratified shear turbulence, convection, and geostrophic turbulence, all of which have been more extensively studied and their behaviors are now relatively familiar. It has been argued ͓1͔ that the main effect of strongly stable stratification -i.e., small Froude number FrϭV/NL v , where V is a horizontal velocity scale, NϭϪ(g/ o )d /dz is the Brünt Väïsäla frequency, and L v is vertical length scale -is to organize the flow into two distinct, noninteracting classes: nearly linear internal gravity waves and fully nonlinear stratified turbulence. The flow patterns of stratified turbulence are often called pancake vortices ͓2͔ or vortical modes ͓3͔ because of their small aspect ratio H/L ͑where L is a horizontal length scale͒ and significant vertical vorticity, neither of which is generally true for internal gravity waves. Pancake vortices have an anisotropic velocity ͑primarily horizontal͒ and shear field ͑primarily vertical͒, and they evolve principally under the nonlinear influence of horizontal advection as in two-dimensional turbulence. These motions cause little vertical turbulent heat or mass flux, and they have a highly anisotropic, inhomogeneous energy cascade to small scales and dissipation ͓4͔.
At moderate values of Reynolds number ReϭVL h /, where is the kinematic viscosity and L h is a horizontal length scale -stratified turbulence evolves self-consistently, at least in freely decaying flows, in the sense that a bulk value for Fr does not increase with time as energy dissipation causes Re to decrease ͓5͔. At leading order in Fr, the inviscid dynamical balances for stratified turbulence are equivalent to twodimensional turbulence ͓1͔ evolving independently at each vertical level. The energy dissipation may be modeled by adding a vertical eddy diffusion ͓6͔ that acts to couple vertically adjacent levels and diffusively selects a limiting vertical length scale. However, with the assumption of uniform asymptotic validity as Fr→0, stratified turbulence is constrained by hydrostatic and cyclostrophic force balances that also act to couple adjacent layers and may internally select a finite vertical scale as Re→ϱ without inducing any vertically overturning motions ͓7͔. These behaviors have been studied both with laboratory experiments ͓8,9͔ and with numerical simulations up to Re ϳ100; a review of this subject has recently been made by Riley and Lelong ͓10͔. In the ocean and atmosphere, Re values are generally several orders of magnitude larger than those commonly reached in experiments or numerical simulations. Thus, an important open question is whether the preceding wave-turbulence partition remains valid at very large Re. A central part of this question is whether the pancake vortices persist and remain ''stable'' with respect to overturning motions.
The dynamical stability properties of a stably stratified shear flow are usually related to the Richardson number Ri locally defined by
where u h is the horizontal velocity and ϭϪgЈ/ o is the normalized ''temperature'' associated with density fluctuations Ј. Alternatively, Ri is defined as a bulk measure in an analogous fashion with N 2 in the numerator and shear variance in the denominator ͑i.e., a bulk RiϳFr Ϫ2 ). In the inviscid limit, a sufficient condition for stability of a parallel vertically sheared flow ͑i.e., a Kelvin-Helmholtz flow͒ is that the local Ri exceed 0.25 throughout the flow ͓11,12͔. Gage ͓13͔ refined this criterion for several simple viscid shear flows and obtained values of the critical Ri for linear instability between about 0.05 and 0.11 for large Re. In a numerical simulation at very high resolution ͑i.e., with a maximum Reynolds number based on the shear layer thickness, Re H ϭ24 000) and moderate stratification, Werne and Fritts ͓14͔
show that the turbulence organizes itself so that Ri never exceeds 0.25. In the more complex natural environment, velocity variance and estimates of the vertical mixing efficiency increase rapidly as Ri decreases through the range between about 0.5 and 0.0 ͓15͔. On the other hand, Majda and Shefter ͓16͔ stress the importance of temporal behavior on flow stability by constructing a family of time periodic solutions that are unstable at arbitrarily large Ri.
In this paper, we examine the behavior of stratified turbulence at large Re values by means of numerical simulations of the Boussinesq equations with forcing at the larger scales of the computational domain. Some simulations of forced stratified turbulence have been performed previously by Herring and Métais ͓17͔, but the available resolution did not allow clear conclusions for flows at high Re. Most experiments and simulations for stratified turbulence have been conducted on decaying turbulence, with many focused specifically on the transition from isotropic to stratified turbulence after an initial high-energy excitation event ͓5,9,18͔. Because of the large energy dissipation rate in both isotropic and stratified turbulence, this evolutionary path starts with large Re and Fr and only briefly resides in a fully developed regime en route to small Re and Fr; this situation therefore provides a limited view of the equilibrium geophysical regime. One of our main purposes here is to analyze the flow regimes of stratified turbulence in terms of Re and Fr varied independently in a controlled fashion.
II. DESCRIPTION OF THE CALCULATION
A. Governing equations
A pseudospectral code is used to integrate the Boussinesq equations on a triply periodic domain ͓19͔; viz., ‫ץ‬ t uϩu•"uϭϪ"pϩe 3 ϩ⌬uϩF,
In these equations, u is the three-dimensional velocity, p is the pressure divided by o , is the conductivity, and F is the imposed forcing. The equations have been nondimensionalized using the horizontal domain width and by adjusting the forcing so that the energy at equilibrium is of the order of unity. Consequently, all the plotted quantities are nondimensional. In Fourier space the equations for the Fourier components of velocity and the temperature, û (k) and ⌰(k), are 
B. Energy decomposition
As a simple means of separating turbulence ͑vortices͒ and waves, as well as a horizontally uniform shear flow that is neither of these, we use Craya's decomposition ͓20͔ for the incompressible velocity field in Fourier space into orthogonal components û v , û w , and û s :
where
w ͑ k͒ϭ͓kϫ͑kϫe 3 ͔͒/͉kϫ͑ kϫe 3 ͉͒. ͑8͒
k 3 ϭ(k•e 3 )e 3 and k h ϭkϪk 3 are the components of the wave number perpendicular and parallel to gravity. The components ( v , w ) were previously used by, e.g., Riley and Lelong ͓10͔ and Lilly ͓21͔, and they are usually referred to as ''vortical'' and ''wave'' components. The emergence of the ''shear'' component û s was emphasized by Smith and Waleffe ͓22͔. Associated with v , w , and û s , we define the kinetic energy spectra by
where the sum ͚ is done over a shell kϪ1/2Ͻ͉p͉Ͻkϩ1/2. We further define the ''available potential energy'' spectrum by
and the ''total kinetic energy'' spectrum by
͑13͒
Total component energies (E v , E w , E s , E p , and E) are obtained by summing over all shells k. In addition to this decomposition, we define the ''vertical kinetic energy'' E z as half the area-averaged square of the vertical velocity, u•e 3 , and ⌽ z as the vertical kinetic energy spectrum.
C. Posing the problem
Our analysis is based on a single numerical solution ͑de-signed after calculating many more exploratory solutions than we wish to admit͒. An anisotropic grid resolution is used to take advantage of the anisotropy of the flow that arises in response to the stable stratification ͑i.e., a small aspect ratio͒. The calculation is performed over a vertical fraction of a cubic domain by imposing a 2/M vertical periodicity of the velocity (M ϭ8 in the present case͒. For a given number of grid points, this increases the achievable Re value without loss of generality as long as the typical vertical scale is much smaller than the horizontal periodicity length. The level of stratification is controlled by adjusting the spatially uniform value of N in time. The forcing F is defined by F(k,t)dtϭ␤(k,t)u(k,t), with ␤ chosen so that the difference ⌽ f (k,t o ) of the energy spectra before and after the forcing ͑i.e., the energy injection rate͒ is constant in time: ] is added to the Newtonian diffusion in the horizontal direction. Several additional simulations at higher horizontal resolution demonstrate that this modification does not qualitatively affect the results presented here. Since most of the dissipation occurs in association with shear in the vertical direction ͑about 99.5% in the stable pancake regime; see below͒, we use ordinary Newtonian diffusion in this direction to have a clean definition of Taylor's Reynolds number, R ϭU rms /(⑀/D)ϭ2ͱDE/⑀, where U rms ϭͱ2E is the rms velocity, D is the enstrophy ͑i.e., vorticity variance͒, ϭͱ2E/D is the Taylor scale, and ⑀ the dissipation rate. The Prandtl number / is set to 1. The bulk Froude number is defined by Fr v ϭU rms /(HN), where
The primary simulation is adjusted in time to follow a given experimental path in terms of R and Fr v by adjustment in time of N and . The evolution of these two parameters is shown in Fig. 1 . Fr v is maintained at a small value of 0.08, and R is changed from 200 to 1000 by steps of 100 after integration periods of 100 turnover times "i.e., T
This period is approximately long enough to adjust to an equilibrium state for each R . This experimental path is designed to expose a sequence of regime transitions with increasing Re. We chose a flow initially at rest. The time tϭ0 in the results reported here corresponds to a time when the solution has reached an equilibrium for the first set of parameters in the primary simulation. Because of the sensitive dependence of turbulent flows, there is no meanful dependence upon the initial conditions in this lengthy integration over many hundreds of eddy turnover times. A different realization with different initial condition would be statistically indistinguishable from the primary simulation. The equations are solved on a 2ϫ2ϫ2/M domain with a spatial grid size of 256ϫ256ϫ64 for R Ͻ500 and 256ϫ256ϫ128 for higher R . The simulation appears to be slightly under-resolved for the highest Reynolds number in the sense that the dissipation range is not extensive in ⌽(k). The ratios of the highest resolved (k h m ϭ96 and k v m ϭ341) to the corresponding Kolmogorov wave numbers ͓k h ϭ(
] are 1.1 and 0.92, respectively, for R ϭ500, and they are 0.4 and 0.2 for R ϭ1000. The under-resolution in the horizontal direction is compensated by the hyperviscosity. In the vertical direction, the kinetic energy at the resolution scale is much smaller than at the largest scales in the dissipation range ͑by a factor of 10 Ϫ5 at the highest R ). The Ozmidov scale ͓Lo ϭ(⑀/N 3 )
1/2 Ӎ4ϫ10 Ϫ4 for R ϭ700] is more than one order of magnitude smaller than the smallest resolved vertical scales. This ratio means that all the resolved scales are significantly influenced by stratification.
The simulations were done on one processor of a NEC SX-5. The code uses optimized ASL libraries of fast Fourier transforms and requires approximately 4 sec per time step at the highest resolution. The time step is chosen to sufficiently resolve the fastest wave oscillations with period 2/N. The simulation is integrated over a total of 360 000 time steps and takes about 200 h. PHYSICAL REVIEW E 68, 036308 ͑2003͒
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III. SOLUTION ANALYSIS
The experimental path for the primary solution is demonstrated in Fig. 1 as a function of the nondimensional time, ϭt/T, normalized by the turnover time T. The corresponding histories of the energy components are shown in Fig. 3 . As R increases, we see a sequence of regime transitions.
At moderate R , less than ϳ400, the pancake motions are stable ͑i.e., the local Ri is everywhere large͒, and the vortical energy dominates all other energy components at all wave numbers ͑Fig. 2͒. The first transition occurs for R Ϸ400, and it is evident in the significant growth of energy in the shear component, E s ͑Fig. 3͒. The next transition, for R Ϸ500, is evident in the intermittent occurrence of regions with small local values of Ri below the Kelvin-Helmholtz critical inviscid stability value of 0.25 ͑Fig. 4͒. A further transition, for R Ϸ700, is evident in local violations of the inviscid gravitational stability critical value of Riϭ0.0 ͑Fig. 4͒. Finally, we see yet another transition for R Ϸ900, evident in the growth of vertical kinetic energy E z ͑Fig. 3͒. Interestingly, throughout all these transitions, the principal measures of the internal-wave energy, E w and E p , show little change relative to the vortical-mode energy E v . Since E v itself remains reasonably constant with time and its horizontal spectrum ⌽ v (k h ) maintains a similar shape and magnitude at low wave numbers, we conclude that pancake motions are indeed persistent throughout the R range we have been able to explore, even though the structure and intensity of the flow changes substantially at high wave numbers, in the horizontally uniform vertical shear and in the vertical velocity.
A. Growth of the vertical shear component
In Fig. 3 , the vortical energy is nearly steady over the entire simulation. The wave energy is more variable, but on average it is steady as R increases. However, the shear energy is a growing function of time. It represents an inverse horizontal cascade of kinetic energy into k h ϭ0. The intensity of the inverse cascade of shear energy is probably a function of the location of the energy peak in the horizontal direction; in the present case, the forcing is imposed at k h ϭ1, and a substantial part of the energy is transformed into pure vertical shear. To assess the degree of equilibration for this inverse cascade, two additional simulations are made. Both start from the primary simulation and thereafter hold R constant for several hundred turnover times, but their starting (,R ) values differ. Figure 5 shows that E s does indeed equilibrate over a period of less than 100 turnover times at a level that increases systematically with R .
This growth of shear kinetic energy has been seen previously when the Froude number is below a critical value ͓22͔. /N, our simulations have a value of approximately 0.025, more than an order of magnitude below the identified critical value of 0.42. In this previous study, the shear kinetic energy did not equilibrate even after more than 1000 turnover times. This may be due to its reliance on hyperdiffusion in all directions, which exerts only a weak damping on the shear component.
B. Onset of overturning motions
Overturning occurs when an unstable shear layer rolls up, pulling high-density fluid above low-density fluid. This in- stability can occur in a fairly localized way. Its occurrence is detected with the local Ri defined in Eq. ͑1͒, and an indication of the overturning instability is a negative Ri value. Because of the Miles-Howard condition, we can expect that this Kelvin-Helmholtz instability only occurs in regions where Ri is initially less than 0.25. The history of the fraction of the domain with the local Ri below 0.25 is shown in Fig. 4 . More events with RiϽ0.25 happen as R increases, although they evidently remain intermittent. The regime of overturning events first appears at R ϭ700 (Ӎ535). Even at the highest Re value, only a small fraction of the domain is actively overturning at any time, less than 0.7%. The probability density function ͑PDF͒ for Ri shows that most of the domain remains far away from overturning, with only a small tail in the PDF that extends to small and negative Ri values. Because of the intermittency, long averaging periods are required for stable statistics. Nevertheless, we can say that there is a well-determined value of Re for the onset of overturning events. To demonstrate this, the regime just before the first overturning event in the primary simulation (R ϭ500) is integrated over a longer period ͑250 turnover times͒, and no overturning occurs despite several events with RiϽ0.25. To characterize more precisely the critical Ri for instability, we follow the history of the global minimum in local Ri ͑Fig. 6͒. The minimum Ri value that does not immediately lead to local overturning is RiӍ0.02. This value is a bit smaller but of the same order of magnitude than the values computed by Gage ͓13͔ for simple shear flows.
The spatial distribution of small Ri events is organized into thin sheets with large vertical shear in the horizontal velocity. An example of a region with a negative vertical density gradient is shown Fig. 7 . The vertical size of this region is very thin ͑a few grid cells͒ even though its horizontal size at this time (Ӎ2/3) is not much smaller compared to the domain size. An intense vertical velocity is associated with domain of negative vertical density gradient ͑Fig. 8͒, but the present simulation has only a marginally adequate resolution to expose the convective overturning events. Figure 9 shows the spectra for the energy components at ϭ521, before any overturning occurs. The spectra with respect to horizontal wave number are very steep, with a slope close to k h Ϫ5 for ⌽ v , and the shape does not vary much with R in this stably stratified regime without overturning. The onset of the overturning instability does not seem to affect significantly the overall level of wave and vortical energy ͑Fig. 3͒. However, the overturning events are easily identifiable as a peak in the horizontal spectra at ϭ741 ͑Fig. 9͒. The peak is located at the horizontal scale L h Ӎ2/50 that matches the typical vertical scale L v . At this particular time, the instability is localized in a single region of the domain.
The energy at the largest horizontal scales is not affected by the overturning instabilities that are localized in both space and time. In Fig. 10 , time-averaged vortical-energy spectra are compared for four values of R . The horizontal spectra are very similar up to the typical scales of the overturnings. However, at both finer horizontal scales and at all vertical scales finer than the forcing scale, the spectrum amplitude increases systematically with R . At the constant, small Fr value in this simulation, the vertical spectrum slope becomes quite shallow as R increases.
C. Growth of large-scale vertical motions
The energy histories in Fig. 3 expose another transition at an even larger R Ӎ900, viz.,the systematic growth of vertical kinetic energy E z . An inspection of the vertical energy spectrum reveals that the growth of E z after ϭ700 occurs principally at k v ϭ0 ͑Fig. 11͒. This mode of instability is reminiscent of the ''negative-viscosity instability'' observed in a Kolmogorov flow ͓23͔, further investigated by Dubrulle, Frisch, and Hénon ͓24͔ with a multiscale analysis. This analysis shows that a parallel flow with a small transverse scale develops a negative-viscosity instability to large-scale perturbations in the transverse direction when the viscosity FIG. 5 . History of R (t) ͑solid lines͒ and E s (t) for three simulations. The primary simulation ͑with a dashed line for its E s ) has an increasing Reynolds number by steps of 100 from 200 to 1000, and the second and third simulations have constant Reynolds numbers of R ϭ300 ͑dash-dotted line͒ and R ϭ500 ͑dotted line͒, starting from the primary simulation at ϭ200 and ϭ400, respectively.
FIG. 6. History of the global minimum value of local Ri for the primary simulation. The ordinate scale is split into three intervals to see both large and small values on the same plot. Whenever the minimum Ri drops below about 0.02, it continues to develop into overturning in the density profile ͑i.e., min͓Ri͔Ͻ0); this first occurs around Ӎ400.
becomes less than the rms value of the streamfunction of the primary flow. In our simulation, it is difficult to test precisely this criterion of instability because the streamfunction is ill defined. Crudely, we can expect an instability of this type when Ͻ⌽ s (ᐉ v ) 1/2 ᐉ v , where ᐉ v is the scale of the vertical shear and ⌽ s (ᐉ v ) is the shear energy at this scale. In our simulation this relation is satisfied on average for Ͼ700 if 2/ᐉ v Ͼ80. This scale is comparable in magnitude with the typical vertical wave number 2/L v Ӎ50. However, due to the complexity of the forced stratified flow, it is difficult to prove the nature of this instability pending more apt stability analyses.
IV. SUMMARY AND DISCUSSION
In our simulations of forced, equilibrium stratified turbulence, we see behaviors somewhat different from many previous studies of decaying stratified turbulence that were not able to sustain a large value of the Reynolds number Re. Most often the criteria for the occurrence of pancake vortices and suppression of overturning motions ͑i.e., KelvinHelmholtz and gravitational stability͒ have been linked to the stratification N but rarely to Re. Indeed, we find that the stability of a solution is mainly controlled by two parameters with opposite effects on stability: increasing N ͑decreasing Fr͒ leads to a more stable solution and decreasing ͑increas-ing Re͒ has the opposite effect. For a fixed low value of Fr, we follow an experimental path of increasing Re far enough to detect several regime transitions beyond the familiar one of stable pancake vortices. One transition is to the intermittent occurrence of regions with small or negative Ri. This refutes previous arguments ͓1,7͔ that stratified turbulence remains stable with uniformly small local values of Fr at large Re and with uniformly cyclostrophic, hydrostatic diagnostic FIG. 7 . Instantaneous isolines of vertical density gradient at ϭ741 (R ϭ900) for two perpendicular slices of the whole domain at z ϭconst ͑upper graph͒ and yϭconst ͑lower graph͒. FIG. 9. Energy spectra with respect to horizontal and vertical wave numbers at ϭ521 (R ϭ700) ͑upper graph͒ and ϭ741 (R ϭ900) ͑lower graph͒ for the primary simulation. The local energy peaks at ϭ741 for 40Ͻk h Ͻ60 are an indication of one or several overturning events (min͓Ri͔Ͼ0).
FIG. 10.
Comparison of vortical ͑upper graph͒ and wave ͑lower graph͒ energy spectra with respect to horizontal and vertical wave numbers for four different Reynolds number. Each spectrum is an average over more than 200 times for each R . The horizontal spectra are very similar at large horizontal scales but they differ at small scales (k h Ͼ10). The situation is different in the vertical spectra, where the typical scale decreases with R . momentum balances. This transition may plausibly be associated with inviscid Kelvin-Helmholtz and ensuing gravitational instabilities of the pancake vortices, although in our simulations the viscous effects on the unstable scales are significant. Nevertheless, the pancake vortices continue to be the energetically dominant component of the turbulence even up to the highest Re values examined here, and visualizations of the large-scale potential vorticity field ͑not shown͒ show little change in spatial structure with R .
Two other transitions to large-scale motions other than pancake vortices do occur: a first one to growth of the shear kinetic energy at zero horizontal wave number and a second one to growth of vertical kinetic energy with its spectrum peak at zero vertical wave number for large Re. The former has been seen previously in stratified turbulence ͓22͔, and the latter may be associated with negative-viscosity instability seen previously in unstratified shear flow ͓23͔. Each of these large-scale transitions may be interpreted as an inverse energy cascade. However, they behavior is strongly constrained by the domain size in our simulations where the forcing is imposed at the gravest finite wave numbers. We will explore beyond this limitation in future reports.
In this paper, we choose to focus on simulations at very small Froude number, and we are able to reach a Reynolds number high enough to destabilize the pancake vortices in several ways. This leads us to advance the following proposition about the nature of equilibrium stratified turbulence: for any Froude number, no matter how small, there are Reynolds numbers large enough so that a sequence of transitions to nonpancake motions will always occur and, conversely, for any Reynolds number, no matter how large, there are Froude numbers small enough so that these transitions are suppressed. Obviously, this hypothesis warrants further testing, as do our provisional interpretations of the dynamical nature of the transitions. 
